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Abstract 
We show that the answer to the following question of A. Beutelspacher is negative. For a finite linear 
space S on u points with b lines, if v equals the dimensions of the row space of any b x v-incidence 
matrix for S, does S necessarily have at least one line containing exactly two points? 
Recall that a linear space is a system of points together with certain subsets of the 
points called lines such that any two points lie on a unique line, where each line has at 
least two points. 
At the beginning of the Capri conference A. Beutelspacher posed five interesting 
questions on linear spaces. One of these questions was as follows. Let S be a finite 
linear space on u points with b lines. Let A be any b x v-incidence matrix for S. Define 
the 2-rank t of A (or S) to be the dimension of the row space of A over GF(2). 
Question: If t = II, does S necessarily have at least one line containing exactly two 
points? We show that the answer is in the negative. 
Theorem. Let P be a3nite projective plane of order n with n odd. 
(a) The 2-rank of P is v - 1 = n2 + n. 
(b) There is a point P of P such that the rank of the linear space P- {P} equals its 
number of points. 
Proof. (a) This follows from [I, Proposition 2.61. However, we can sketch a proof as 
follows. 
Since n+ 1 is even, each row of the incidence matrix A of P is orthogonal (with 
respect to the usual dot product) to the all-one vector of length u. Thus, 
t<v-l=n’+n, 
where t is the 2-rank of P. 
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On the other hand, the modulo 2 sum of all rows of A with 1 in thejth position is 
(1, l)...) O,l, . ..) 1) with 0 in the jth position. These vectors, as j varies, generate 
a (u- 1)-dimensional vector space over GF(2). Therefore, the 2-rank of P is exactly 
u-1=n*+n. 
(b) Since the column rank of A is u- 1, and A has u columns, it follows that one of 
the columns, say the ith column is a linear combination of the other columns. Deleting 
this column (corresponding to Pi, the point numbered i) from A gives us an incidence 
matrix B for the linear space S= P- (Pi} obtained by deleting Pi from P. This proves 
that the 2-rank of S is n2 + n, the number of points in S. 
Note that each line of S= P - {Pi} has at least three points, since each line of P has 
n + 1 points with n > 2. 
By deleting further points of S insuring, though, that all remaining lines still have at 
least three points, we get further examples. 
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